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In this paper we discuss a physical observable which is drastically different in a brane-world
scenario. To date, the Randall-Sundrum model seems to be consistent with all experimental tests of
general relativity. Specifically, we examine the so-called gravitomagnetic effect in the context of the
Randall-Sundrum (RS) model. This treatment, of course, assumes the recovery of the Kerr metric in
brane-worlds which we have found to the first order in the ratio of the brane separation to the radius
of the AdS5, (ℓ/r). We first show that the second Randall-Sundrum model of one brane leaves the
gravitomagnetic effect unchanged. Then, we consider the two-brane scenario of the original Randall-
Sundrum proposal and show that the magnitude of the gravitomagnetic effect depends heavily on the
ratio of (ℓ/r). Such dependence is a result of the geometrodynamic spacetime and does not appear
in static scenarios. We hope that we will be able to test this proposal experimentally with data
from NASA’s Gravity Probe B (GP-B)and possibly disprove either the Randall-Sundrum two-brane
scenario or standard general relativity.
PACS numbers: 04.50.+h, 11.10.Kk, 11.25.Mj, 98.80.Cq
I. INTRODUCTION
Motivated by earlier works on the extra dimensional
solution to the hierarchy problems of the fundamental
interactions [1,2], Randall and Sundrum have proposed a
five-dimensional model of the universe in which one can
recover four-dimensional Einstein gravity at large enough
distances [3]. This model consists of a four-dimensional
hypersurface (3-brane) embedded in a five-dimensional
Anti de Sitter Spacetime (AdS5). The novelty of this
theory is that there is no need for compactification of the
extra dimension. Instead, an effective dimensional reduc-
tion occurs in the form of a massless graviton localized
near the brane in a ‘bound state.’ In the low energy limit,
this bound state dominates over the Kaluza-Klein (KK)
modes and all the gauge fields, which are constrained
to live on the brane and feels normal four-dimensional
gravity. Thus, as long as the length scale of the AdS5 is
sufficiently small, standard Newtonian and general rela-
tivistic results can be recovered to high accuracy [4].
A generic, non-cosmological form of the metric in this
non-factorizable spacetime has the form
ds25 = e
−2|y|/ℓgµνdx
µdxν + dy2, (1)
where ℓ is the curvature radius of the AdS5 and gµν must
be asymptotically flat (for cosmological form and its gen-
eralization see, e.g, [5] and references therein). The extra
dimension is denoted by y. In other words, the induced
metric is any vacuum solution of the four dimensional
Einstein’s equations.
One example of this sort is the recovery of the 4-
dimensional Schwarzschild metric for gµν to first [6] and
second order in (ℓ/r) [7]. Here, the solution is a black
string hidden behind a “cigar” horizon. The dependence
of the metric elements on the extra dimension makes the
Einstein equations extremely hard to solve exactly.
However, it is because of this recovery that people be-
lieve that the RS scenario is consistent with all tests of
general relativity. We would like, however, to point out
that general relativity itself is awaiting for yet another
test to be observed: “gravitomagnestism effect”. This is
a pure relativistic effect and there is no Newtonian coun-
terpart. It is mainly due to the rotation of a massive
body in the spacetime. While general relativity is being
tested with the Gravity Probe B experiment, it is worth-
while to see whether the RS model is consistent with this
yet to be tested effect of the general relativity. If the RS
scenario is compatible with the result of Gravity Probe
B then this model is really consistent with the all general
relativistic effects.
In order to discuss topics related to rotation and frame-
dragging, one has to demonstrate the recovery of the Kerr
metric. This itself would be a very difficult problem due
to its lack of symmetry compare with the Schwarzschild
metric. While in the case of spherical symmetry, we have
three unknown parameters to deal with, there are five
unknown parameters in the axial symmetry case. All pa-
rameters are functions of two intrinsic spatial dimensions
and the extra dimension.
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In this paper, we begin with a brief review of the stan-
dard gravitomagnetism and outline how it will be mea-
sured with Gravity Probe B. This is followed by a section
describing the recovery of the Kerr metric in the slow mo-
tion weak field limit and a section discussing gravitomag-
netism in brane-worlds. We conclude with our results and
how they may be applied to experimental data. Here and
throughout the paper, Greek indices indicate the usual
four dimensions taking values 0-3 while Latin indices take
values of 0-3 and 5 to include the extra dimension. We
shall work with the signature (−,+,+,+,+).
II. GRAVITOMAGNETISM AND ITS
MEASUREMENT: A BRIEF REVIEW
Gravitomagnetism, also known as the Lense-Thirring
effect, can be understood with a close analog to classical
electrodynamics. As a body of charge produces an elec-
tric field in electromagnetism, so a body of mass creates
a gravitational field in Newtonian gravity. By consid-
ering general relativity we can extend this analogy to
include magnetism. Just as a current of charge produces
a magnetic field, so a matter current will give rise to a
gravitomagnetic field (see [8] and references therein).
For our purposes, we will be considering a slowly ro-
tating, spherical body such as the earth. In this case,
we need the Kerr Metric in the slow-motion, weak-field
limit. This has the form (in Boyer-Lindquist coordinates
with the charge, Q = 0),
ds24 = −F (r)dt
2 + F−1(r)dr2 −
4G4J
r
sin2 θdφdt
+r2dΩ2, (2)
where F (r) = (1 − 2G4Mr
−1) and J is the angular mo-
mentum of the spinning body. G4 is the four dimensional
Newton’s constant. We treat this as a linear perturbation
to Minkowski spacetime of the form (see [9], for instance),
hµν ∼= gµν − ηµν , where |hµν | ≪ 1.
Once we perform an infinitesimal coordinate transfor-
mation and impose the Lorentz gauge condition, hµν,ν =
0 [8], we can write the field equations as
✷4hµν = −16πG4
(
Tµν −
1
2
ηµνT
)
, (3)
with ✷4 ≡ η
µν ∂2
∂xµ∂xν , and T the trace of the energy-
momentum tensor, T µµ. One can then consider the tem-
poral, off-diagonal terms of the energy momentum tensor
of a non-relativistic matter which take the form
∇2h0i ∼= 16πG4ρvi. (4)
This is easily recognizable as Poisson’s equation. In
considering a rotating charge in electromagnetism, one
would find it useful to define the magnetic dipole mo-
ment. Here, we instead define the angular momentum,
J, which can be thought of as an angular dipole moment.
Then one can naturally obtain the gravitomagnetic vec-
tor potential for a spinning mass
h ∼= −2G4
J× rˆ
r3
. (5)
If we orient our body such that the J is along the z axis,
we have in spherical coordinates h0φ ∼= −(2G4J sin
2 θ/r),
which is just the g0φ component of the Kerr metric (2).
Not surprisingly, we can also define the gravitomagnetic
field
HGR≡ ∇× h ∼= 2G4
[
J− 3(J · rˆ)rˆ
r3
]
. (6)
With this formalism in place, one can consider the torque
on a gyroscope with angular momentum S due to H,
τ ∼=
1
2
S×H =
dS
dt
≡ Ω˙× S. (7)
Therefore the gyroscope undergoes precession with an-
gular velocity
Ω˙ = −
1
2
H = −G4
[
J− 3(J · rˆ)rˆ
r3
]
, (8)
which is very similar to the Larmor precession one would
observe of a magnetic moment precessing around a con-
stant Magnetic field in classical electromagnetism.
GP-B is a satellite experiment being designed and im-
plemented by NASA in conjunction with Stanford Uni-
versity [10,11]. It is scheduled to be launched in the
next year or two [12] and it is hoped that it will pro-
vide the first experimental test of the gravitomagnetic
effect. The satellite will contain four gyroscopes made of
fused quartz. These gyros will be electrically suspended
and spinning in vacuum. They will be coated in niobium
and cooled below the superconducting threshold with liq-
uid helium. Superconducting Quantum Interference De-
vices (SQUID’s) will be used to measure the London mo-
ment which points along the spin axis of the gyros. The
SQUID’s will measure changes in the direction of the axis
as small as 0.1 milliarcseconds. This system will be im-
plemented to measure the gyroscopic precession caused
by the Earth’s gravitomagnetism over one year to 1% or
better. Standard General Relativity predicts that this
will be 42 milliarcseconds [9].
III. RECOVERY OF THE KERR METRIC IN
BRANE-WORLDS
If the four-dimensional metric in (1) is the Minkowski
metric, ηµν , then the five-dimensional metric will satisfy
the vacuum Einstein equations
2
RAB −
1
2
RgAB − ΛgAB = 0, (9)
with the bulk cosmological constant Λ = −(6/ℓ2). Due to
the Randall-Sundrum fine tuning, these five-dimensional
Einstein equations with a bulk cosmological constant re-
duce to the four-dimensional Einstein equations in vac-
uum without an effective cosmological constant [13].
Thus we can rewrite (9) as
Rµν − 4ℓ
−2gµν = 0, R5µ = 0, R55 − 4ℓ
−2 = 0. (10)
We can now relax our requirement on gµν and only re-
strict it to being Ricci flat. Now any ordinary, four-
dimensional solution to the vacuum Einstein equations
can serve as our metric.
If we treat the Kerr metric in the slow motion and weak
field limit as a perturbation to the Minkowski background
then following [4] one can write the induced metric per-
turbation on the brane as the summation of two parts:
the part due to the matter fields on the brane and the
part due to the brane displacement,
h¯µν = h
(m)
µν + 2ℓ
−1γµν ξˆ
5, (11)
where ξˆ5(xµ) = −y is the brane displacement due to the
matter source on the brane and γµν = e
−2|y|/ℓηµν . The
matter fields part h
(m)
µν is obtained through following re-
lation [4],
h(m)µν = −2κ
2
5
∫
d4x′G
(R)
5 (x, x
′)
(
Tµν −
1
3
γµνT
)
(x′),
(12)
where κ25 = 3π
2G5 [14]. Tµν is the energy-momentum
tensor of the brane matter fields and the contribution
from the brane tension has been excluded, though its ef-
fect has been considered in order to derive (12). Here
T = T µµ = (6/κ
2
5)✷4ξˆ
5 [4] and G
(R)
5 (x, x
′) is the 5D re-
tarded Green’s function which satisfies
[
e+2|y|/ℓ✷4 + ∂
2
y − 4ℓ
−2 + 4ℓ−1δ(y)
]
G
(R)
5 (x, x
′) = δ5(x− x
′), (13)
where the so-called RS gauge in which h55 = hµ5 = 0, h
ν
µ ,ν = 0 and h
µ
µ = 0 was used in arriving (13). Following
[3], one can obtain the Green’s function from a complete set of eigenstates
G
(R)
5 = −
∫
d4k
(2π)4
eikµ(x
µ−x′µ)
[
ℓ−1e−2(|y|+|y
′|)/ℓ
k2 − (ω + iǫ)2
+
∫ ∞
0
dm
um(y)um(y
′)
m2 + k2 − (ω + iǫ)2
]
, (14)
where the first term corresponds to zero
mode contributions and the second term shows
the contributions from the continuum KK
modes um(y) =
√
mℓ/2{J1(mℓ)Y2(mℓe
|y|/ℓ) −
Y1(mℓ)J2(mℓe
|y|/ℓ)}/
√
J1(mℓ)2 + Y1(mℓ)2. Now in the
case of the Kerr metric, the energy-momentum tensor
can be written as Tµν = ρ(r)vµvν and since we are deal-
ing with the stationary, axial symmetry case by using
Eq. (11) we find that
h¯00 =
2G4M
r
(
1 +
2
3
ℓ2
r2
+ ...
)
,
h¯0i = −2Ai
(
1 +
3
2
ℓ2
r2
+ ...
)
, (15)
h¯ij =
2G4M
r
(
1 +
1
3
ℓ2
r2
+ ...
)
δij ,
where r = |x − x′|, G4 = (3πG5/8ℓ) is the four-
dimensional Newton’s constant, and M =
∫
d3xρ is the
total mass. A is the gravitomagnetic vector potential
which has the form A ∼ G4(J × r)/r
3. In deriving (16)
we have assumed that |x| > |x′| and both points are on
the wall (y = y′ = 0). Thus in the stationary case
G
(R)
5 (x, 0,x
′, 0) =
∫ +∞
−∞
dtG
(R)
5 (x, x
′)
≈ −
1
4πℓr
[
1 +
1
2
ℓ2
r2
+ ...
]
. (16)
Now, having all the components of the metric, it seems
that up to the first order in (ℓ/r), we recovered the Kerr
metric (2) in the slow motion and weak field limit on
the brane. We would like, however, to point out that as
the weak field limit of the RS model, in general, differs
from the weak field limit of the normal four dimensional
Schwarzschild solution, the ratio of gravitomagnetic to
gravitoelectric metric coefficients is not the same as the
one in the usual four dimensional Kerr solution. This
means that the gravitomagnetic effect of the two models
will be different.
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Though we recovered the Kerr metric in the slow mo-
tion and weak field limit, one can obtain the general form
of the Kerr metric by inserting the most general axi-
ally symmetric, (non-singular) stationary metric in four-
dimensions into (1) to obtain [16]
ds25 = e
−2|y|/ℓ
[
−e2νdt2 + e2ψ(dφ − ωdt)2 + e2µ2(dx2)
2 + e2µ3(dx3)
2
]
+ dy2, (17)
where ν, ψ, ω, µ2 and µ3 are functions of x2,x3 and y. There is an unexploited gauge freedom between µ2 and µ3 [15].
This metric can then be substituted into (10) to yield a series of coupled partial differential equations in x2, x3 and
y. After rigorous calculations, one can show, for sufficiently small ℓ that calculations that
ds25 ≈ e
−2|y|/ℓ
[
−ρ2
∆
Σ2
dt2 +
Σ2
ρ2
(
dϕ+
2G4Jr
Σ2
dt
)2
sin2 θ +
ρ2
∆
dr2 + ρ2dθ2
]
+ dy2, (18)
where ∆(r, θ, 0) = r2 − 2G4Mr + (J/M)
2 and
ρ2 = r2 + (J/M)2 cos2 θ with Σ2 = ρ2
(
r2 + a2
)
+
2(J/M)2G4Mr sin
2 θ. In arriving at (18), the gauge,
e(µ3−µ2) =
√
∆(x2, x3, y) has been chosen. The details of
these calculations are the subject of our upcoming paper
[16].
IV. GRAVITOMAGNETISM IN BRANE WORLDS
With the Kerr metric recovered in the slow motion
and weak field limit, we can now investigate gravitomag-
netism in the context of a brane-world scenario. It has
been shown [4] that one can obtain the following field
equations for one brane of positive tension:
✷4hµν = −16πG4
(
Tµν −
1
2
γµνT
)
, (19)
with the brane sitting at y = 0. We can then easily
write down the corresponding version of (4) as ∇2h0i ∼=
−16πG4ρvi, for the brane at y = 0, and we recover the
normal gravitomagnetic potential without a correction.
This is no surprise as the RS single brane scenario is effec-
tively four dimensional field theory. However, in the case
of two branes, one of positive tension (shadow brane)at
y = 0 and one of negative tension (our observable uni-
verse) at y = d, the situation will be different as one can
observe the effect of shadow matter on our universe. In
this case, we find Einstein equations of the form [4]
(
e2|y|/ℓ✷hµν
)(±)
= −
∑
σ=±
16πG(σ)
(
Tµν −
1
3
γµνT
)(σ)
±
16πG(±)
3
sinh(d/ℓ)
e±d/ℓ
γµνT
(±), (20)
with G(±) = [3πG5ℓ
−1e±d/ℓ/16 sinh(d/l)]. For the brane
with negative tension, where our universe resides, this
yields
e2d/ℓ∇2h0i ∼= 16πG4ρvi, (21)
where we have used the fact that the four-dimensional
Newton’s gravitational constant satisfies the relation
G4 = 3πG5/8ℓ tanh(d/ℓ) for the same matter distribu-
tions on two branes.
Our correction to the gravitomagnetic potential is sim-
ilarly manifested in gravitomagnetic field, HGR:
HRS = HGRe
−2d/ℓ (22)
To solve the hierarchy problem, the warp factor must
bridge a gap of sixteen orders of magnitude. This indi-
cates that d/ℓ ∼ 36 and gravitomagnetism is also de-
creased by 32 orders of magnitude from the standard
general relativistic prediction. This puts the gravitomag-
netic field of the Earth far outside the reach of GP-B.
Thus, this Randall-Sundrum model predicts that Grav-
ity Probe B will see no gravitomagnetic field. If, however,
a nonzero precession is measured, then the two-brane sce-
nario must be amended. On the other hand, if GP-B will
be able to measure the GR predications then this will put
an upper bound on (d/ℓ) of 1.15 which is in sharp con-
trast to what you may find by observing the Brans-Dicke
bound.
At the end we again would like to emphasize that GP-
B is not merely another test of GR and could serve to
test models with extra dimensions such as the RS model.
Another point which we would like to bring to attention
is that it is not sufficient for a theory of higher dimen-
sions to just satisfy the Schwarzschild type of experimen-
tal test and it seems that the Kerr test provide deeper
understanding of such models.
4
ACKNOWLEDGMENTS
The authors would like to thank E. Bertschinger, A.
Chamblin, and A. Guth for insightful discussion and use-
ful comments. A.N. is supported by NSF grant ACI-
9619019.
[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys.
Lett. B429, 263 (1998); Phys. Rev. D 59, 086004 (1999).
[2] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and
G. Dvali, Phys. Lett. B436, 257 (1998).
[3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690
(1999).
[4] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778
(2000).
[5] A. Chamblin, A. Karch, and A. Nayeri, Phys. Lett. B
509, 163 (2001), hep-th/000706.
[6] A. Chamblin, S. W. Hawking and H.S. Reall, Phys. Rev.
D61 (2000) 065007.
[7] I. Giannakis and H.C. Ren, Phys. Rev. D63 (2001)
024001.
[8] B. Mashhoon, gr-qc/0011014
[9] I. Ciufolini and J. A. Wheeler, Gravitation and Inertia
(Princeton University Press, Princeton, NJ, 1995).
[10] G.E. Pugh, WSEG Memorandum No. 11 (The Pentagon,
Washington, DC, 1959).
[11] L. I. Schiff, Phys. Rev. Lett. 4 215 (1960).
[12] For the most up to date information, see
http://einstein.stanford.edu/
[13] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370
(1999).
[14] R. Mansouri and A. Nayeri, Grav. Cosmo. 4, 142 (1998).
[15] S. Chandrasekhar, The Mathematical Theory of Black
Holes (Clarendon Press, Oxford, 1983)
[16] A. Nayeri and A. Reynolds,Rotating blackholes on brane-
worlds, In preparation, 2001.
5
